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ABSTRACT
We analyze the impact of thermal conduction on the appearance of a shock-heated gas shell
which is produced when a spherically symmetric outburst of a supermassive black hole inflates
bubbles of relativistic plasma at the center of a galaxy cluster. The presence of the hot and low-
density shell can be used as an ancillary indicator for a high rate of energy release during the
outburst, which is required to drive strong shocks into the gas. Here we show that conduction
can effectively erase such shell, unless the diffusion of electrons is heavily suppressed. We
conclude that a more robust proxy to the energy release rate is the ratio between the shock
radius and bubble radius. We also revisited the issue of sound waves dissipation induced by
thermal conduction in a scenario, where characteristic wavelength of the sound wave is set by
the total energy of the outburst. For a fiducial short outburst model, the dissipation length does
not exceed the cooling radius in a typical cluster, provided that the conduction is suppressed by
a factor not larger than ∼100. For quasi-continuous energy injection neither the shock-heated
shell nor the outgoing sound wave are important and the role of conduction is subdominant.
Key words: conduction – shock waves – galaxies: active – galaxies: clusters: individual: M87
– galaxies: clusters: individual: Perseus cluster – galaxies: clusters: intracluster medium.
1 INTRODUCTION
Supermassive black holes (SMBHs) could be an important source of
energy for the gas in forming galaxies (e.g. Silk&Rees 1998), which
prevents excessive star formation, particularly at the high-mass end
of the galaxies distribution. However, the first reliable evidence that
SMBHs do affect the gas came from radio and X-ray observations
of galaxy clusters (e.g. Bohringer et al. 1993, 1995) that revealed
bubbles of radio-bright plasma inflated in the intracluster medium
(ICM). The clarity of AGN Feedback features in clusters is driven
by two factors i) the scale of the energy injection by SMBHs in
these objects is larger than in individual galaxies and ii) the AGN
Feedback in clusters continues to be important in theLocalUniverse.
A lower limit on the energy injection rate can be estimated by
comparing the bubble’s inflation time scale with the buoyancy time
scale (Churazov et al. 2000;McNamara et al. 2000, see also Pedlar et
al., 1990;Binney&Tabor, 1995). These estimates have shown that in
few best studied clusters the mechanical power of an AGN matches
gas cooling losses and exceeds by far the radiative power of these
AGNs (e.g. Churazov et al. 2001; Böhringer et al. 2002). Studies
of samples of clusters confirmed this conclusion (e.g. Bîrzan et al.
2004). Furthermore, the energy conservation arguments suggest that
? E-mail: tangxiaping@gmail.com, tang.xiaping@mail.huji.ac.il
much of the mechanical power will be transfered to the ICM during
buoyant rise of the bubble (Churazov et al. 2001, 2002; Begelman
2001) implying a high efficiency of the feedback and a possibility
that the AGN power adjusts to match gas cooling losses.
Of course, a comprehensive AGN Feedback model should in-
clude a detailed description of how the gas gets to the black hole, the
accretion physics and the jet formation, as well as physical processes
that lead to the dissipation of the released energy in the ICM, etc
(see, e.g., Fabian 2012; McNamara & Nulsen 2012; Vikhlinin et al.
2014; Soker 2016, for recent reviews of different scenarios). Here
we address one element of the above problem, namely, the role of
the thermal conduction in the scenario involving inflation of bubbles
by a SMBH. This problem is particularly interesting in connection
with the possible role of sound waves in the ICM heating. The im-
portant role of sound waves is advocated in, e.g., Fabian et al. (2005,
2017); Ruszkowski, Brüggen, & Begelman (2004); Fujita & Suzuki
(2005); Shabala & Alexander (2009); Sternberg & Soker (2009).
On the other hand, in the buoyancy-driven feedback scenario (e.g.
Churazov et al. 2000; Zhuravleva et al. 2016; Forman et al. 2017) the
role of the sound waves in the energy budget is subdominant to the
enthalpy of the inflated bubbles, which release energy as they rise
through the stratified ICM atmosphere. For instance, for the case
of a spherically symmetric outburst in a homogeneous medium, the
amount of energy associated with the outgoing sound wave is only a
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small portion ζwave of the total injected energy (Tang& Churazov.
2017, hereafter TC17). ζwave depends on the duration time of an
outburst and reaches maximum for an instantaneous outburst, which
drives a strong shock into the ICM. In this case, a hot low-density
shell is formed by the shock-heated gas. The thermal conduction
could affect both the appearance of this hot shell and the rate at
which outgoing sound wave is losing its energy.
Assuming the injected materials has the same adiabatic index
as the ICM for simplification, i.e. γej = γICM = 5/3, TC17 (2017)
found that for an instantaneous outburst ζwave does not exceed
∼12.5%. The injected materials from the central AGN is plausibly
a purely relativistic plasma or a mixture of relativistic plasma and
thermal gas. The corresponding adiabatic index of ejecta γej varies
between 4/3 and 5/3. If γej = 4/3, the fraction of energy carried
out by sound wave ζwave becomes even smaller, as larger thermal
energy is associated with the bubble of a given size. This, however,
is important only for the outbursts, which are not too short, since
otherwise the size of the bubble is negligible.
The heat flux driven by the global radial temperature gradient
in cool-core clusters has been considered as one of the possible
ways to compensate for the gas cooling losses (e.g. Tucker & Ros-
ner 1983; Bertschinger & Meiksin 1986; Ruszkowski & Begelman
2002; Zakamska & Narayan 2003; Voigt & Fabian 2004; Guo, Oh,
& Ruszkowski 2008). Here we ignore the effects of the global heat
flow by considering the outburst in the initially isothermal gas.
The structure of this paper is as follows. In §2 we describe
our spherically symmetric outburst model and basic assumptions.
In §3 and 4, we study the impact of thermal conduction on the
shock-heated shell and the dissipation of sound waves induced by
the outburst, respectively. In §5 we discuss the implications in the
context of AGN Feedback in galaxy clusters.
2 BASIC MODEL
In this section we outline basic assumptions made in order to sim-
plify the problem.
2.1 Spherically symmetric outburst
We limit our discussion to a spherically symmetric outburst in ho-
mogeneous medium. As we have shown in TC17, in the energy-
dominated (rather than momentum-dominated) feedback scenario
such setup is suitable for the environment in the cores of clusters
with relatively shallow density/pressure profiles. The medium has
an initial pressure Pa , density ρa , and temperature Ta =
Paµmp
ρakB
,
where mp is the proton mass, µ is the mean atomic weight and kB
is the Boltzmann constant. During the outburst an AGN releases
energy and matter in a small region near the center. We assume
the injected materials and the ICM have the same adiabatic index
γ = 5/3 in the rest of our discussion for simplification. We em-
ployed the Lagrangian scheme in the numerical simulations, see
Appendix A for details. The energy is released in the central cell,
which then expands into the surrounding medium (ICM). Below we
often refer to this central cell as a “bubble” or “ejecta”. The first
name emphasizes the similarity with radio-bright bubbles observed
in the cores of relaxed clusters, while the second name referrers to
the analogy with the physics of explosions in, e.g., supernova. As
the boundary of the central cell moves, it serves as a piston that
drives a perturbation into the ICM. In TC17, see also Forman et al.
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Figure 1. Comparison of temperature distributions at tage = 2tE for a
fast/short outburst (tb/tE = 0.01) and a slow/long outburst (tb = 2tE )
in uniform medium without thermal conduction (from TC17). Two vertical
dotted lines show the ejecta boundaries for tb = 0.01tE (black) and tb =
2tE (red) respectively. For the slow outburst (red dotted-dashed line), the
amplitude of the outgoing wave is smaller and the ICM temperature in the
inner region (but outside the ejecta boundary) is close to the initial valueTa .
In this case the impact of thermal conduction is minimal. The opposite is true
for the short outburst (black solid line), which develops large temperature
variations across the radius.
(2017), we characterize the outburst with two parameters: total en-
ergy E released during the outburst and the duration of the outburst
tb . The value of E defines the characteristic length scale RE
RE ∼
(
3E
4piPa
)1/3
∼ 15 kpc E1/359 n
−1/3
e,−2T
−1/3
a,8 , (1)
where E59 = E/1059 erg,Ta,8 = Ta/108K, ne,−2 = ne/10−2 cm−3.
The corresponding time scale tE is
tE ∼ RE/cs = 9.4Myr E1/359 n
−1/3
e,−2T
−5/6
a,8 , (2)
where cs =
√
γPa/ρa is the adiabatic sound speed.
For the purpose of this paper, we divide the outbursts into
two groups according to the ratio tb/tE . The limit of tb/tE  1
corresponds to an instantaneous outburst, i.e. the classical Sedov-
Taylor (ST) solution (Taylor 1946; Sedov 1959), in which a strong
shock is driven into the ICM. As a result, at time t  tE  tb a hot
and low density shell is present in the central region, surrounding
the ejecta, as well as an outgoing sound wave, carrying ∼ 12.5%
of total outburst energy E [see, e.g., TC17; Forman et al. (2017)].
In the opposite limit of tb/tE  1, the expansion of the ejecta
boundary is subsonic and the boundary merely doing PdV work on
the gas, displacing it to larger radii, while the most significant part
of energy remains in the form of thermal energy of the ejecta. In
this case, no shock-heated shell is formed and the amount of energy
carried by the soundwave is small. A comparison of the temperature
profiles for the above-mentioned limits, when conduction is ignored,
is shown in Fig. 1. The energy partition of an outburst for different
tb/tE ratios is presented in Fig. 2. Thermal conduction is expected
to be only important in fast/short outbursts, in which a shock-heated
shell surrounding the ejecta exists and the sound wave also carries a
significant fraction of outburst energy. As a result, in the following
discussion we focus on the instantaneous outburst to study the effect
of thermal conduction.
MNRAS 000, 1–12 (2018)
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Figure 2. Energy partition of an outburst as a function of tb/tE ratio. He j
is the enthalpy of ejecta, Ewave is the energy carried away by the wave-
like structure (outgoing sound wave) and Hswept represents the energy
available for radiative cooling in the shocked materials, see TC17 for details.
The partition of energy is evaluated at tage/tE = 10, which could be
considered as a good approximation for the asymptotic limit at tage/tE →
∞. Two vertical dotted lines schematically divide the outbursts according to
the tb/tE ratio into three regimes. When tb/tE . 0.15, the shock-heated
gas shell captures most of the outburst energy and an outgoing sound wave
carries ∼ 10% of energy. In the intermediate regime 1 & tb/tE & 0.15,
the enthalpy of the bubble dominates, while the outgoing sound wave still
carries ∼ 10% of energy. For tb/tE & 1 vast majority of energy goes into
the bubble enthalpy, while the contributions of the shock-heated shell and
the sound wave are small.
2.2 Thermal conduction
For simplicity, we assume that the electron and ion temperatures are
equal (T = Te = Ti) and the heat flux Q is given by
Q = −κ∇T, (3)
where κ is the thermal conductivity. We adopt the parameterization
of κ in Cowie & McKee (1977); Balbus & McKee (1982)
κ = ξκsp
(
1 +
ξ
ξsat
4.2λe |∇ lnT |
)−1
, (4)
to include the effect of saturation. κsp ≈ 1.3neλekB
(
kBT
me
)1/2 ≈
5 × 1013 T5/28 erg s−1cm−1K−1 is the Spizter conductivity (Spitzer
1956); λe = 2.3 kpc T28 n
−1
e,−2 is the electron mean free path for
Coulomb collisions and ξ is the suppression of the conductivity
relative to the Spitzer value, equivalent to the assumption that the
effective mean free path is ξλe. The parameter ξsat in eq. 4 controls
the level of the saturated heat flux. ξsat → ∞ implies unsaturated
heat flux, while ξsat = 1 corresponds to the case considered by
Cowie & McKee (1977). We note here that for a weakly collisional
high-β plasma (where β is the ratio of thermal pressure to mag-
netic pressure) a comprehensive description of heat fluxes is an
open issue and it may require much more complicated recipes than
those provided by eqs. (3) and (4) (see, e.g. Chandran & Cowley
1998; Malyshkin & Kulsrud 2001; Narayan &Medvedev 2001; Ko-
marov et al. 2016; Roberg-Clark et al. 2016; Komarov et al. 2017;
Roberg-Clark et al. 2018). However, setting ξ = 1 and ξsat ∼ 1
plausibly corresponds to the case, when the impact of thermal con-
duction is maximal. We also emphasize that the heat fluxes through
the boundary of the bubble/ejecta are assumed to be zero and the
thermal conductivity operates only in the ICM outside the ejecta
boundary.
Previous studies of thermal conduction in spherically symmet-
ric outbursts focus on the early time evolution, when the shock is
still strong. For instance, a self-similar solution for the conduction-
driven thermal wave is derived (see, e.g. Barenblatt 1996; Reinicke
& Meyer-ter-Vehn 1991), see Appendix B for details. Numerical
efforts are also made in, e.g., the context of supernova remnant
evolution (Chevalier 1975). Here we are interested in the late time
evolution in the ICM environment. We emphasize that we ignore
any temperature gradients in the initial temperature distribution.
While this is not consistent with the observed temperature gradients
in the cool-core clusters, these gradients are typically smaller than
the ones generated by the outburst.
According to the discussion in §2.1 (see also Fig. 1), in the
case of tb  tE , i.e., “slow” outburst, neither the hot shock-heated
shell nor the sound wave carrying significant amount of energy are
formed. Thus we do not expect the thermal conductivity tomake any
substantial impact in this case. We therefore focus the discussion
below on the case tb/tE  1, i.e., an instantaneous outburst, where
the impact of thermal conduction is expected to be much more
significant. In particular, we want to address the following two
major questions:
(i) How does thermal conduction affect the properties of the
strongly shock-heated gas shell?
(ii) How quickly the energy of the outgoing sound wave is dissi-
pated?
3 SHOCK-HEATED GAS SHELL
An outburst with tb  tE always generates a shell of shock-heated
gas, which captures the dominant fraction of the outburst energy,
see the cyan line in Fig. 2. At time t  tE  tb the pressure in
this shell approaches the initial pressure and the gas inside the shell
is hot and low density, making the thermal conduction especially
effective. For an instantaneous outburst without thermal conduction
in a homogeneous gas with known thermodynamic properties, the
only relevant burst parameter is the total energy release E , which
sets the characteristic length scale RE and time scale tE . It is in-
structive to compare tE with the characteristic conduction time tc
at t = tE , ignoring effects of saturation. At t ∼ tE , the shock is
approximately at radius ∼ RE , the total thermal energy of the swept
gas is comparable to E and the temperature of the gas behind the
shock is of the order of Ta . The characteristic conduction time scale
can be evaluated as the ratio of the radius squared to the conductiv-
ity/diffusivity of electrons, i.e.,
tc(RE ) =
neR2E kB
κ
≈ R
2
E
1.3ξλe
(
kT
me
)1/2 , (5)
where T ∼ Ta and λe ∼ λe(Ta). The ratio of the conduction time
tc(RE ) to tE is
θc,E =
tc(RE )
tE
≈ REcs
1.3ξλe
(
kT
me
)1/2 ≈ RE43ξλe . (6)
Based on above calculation, if RE is smaller than ∼ 43ξλe, then
conduction can erase the temperature gradient associated with the
shock-heated gas shell at t ∼ tE . We can extend this analysis to
earlier time evolution of an outburst. In the supersonic expansion
phase, the characteristic gas velocity v can be estimated through
MNRAS 000, 1–12 (2018)
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Figure 3. Impact of thermal conduction on the normalized temperature T/Ta (red), pressure P/Pa (black) and density ρ/ρa (blue) profiles, plotted as a
function of dimensionless radius R/RE . The left and right panels correspond to t = 0.5tE and 2 tE , respectively. The solid line, dotted and dotted dashed
lines are for ξ = 1, 0.1 and 0.01 respectively. The inlay in the right panel is a zoom-in view of the shock and the wave like structure downstream of the shock
front in linear scale. It is clear that conduction has a very strong impact on the inner shock-heated region, while the shock is only slightly affected at t . 2tE .
the relation E ∼ 2piρv2R3/3, where R is the current shock radius
and kBT ∼ mpv2. Given that λe ∝ T2 ∝ v4 ∝ R−6 (here we only
keep the temperature dependence in the expression of λe), the ratio
tc(R)/t, where t = R/v, is a strong function of R, namely
tc(R)
t
≈ θc,E
(
R
RE
)7
. (7)
Therefore, during the initial phase of the outburst the conduction
time can be shorter than the expansion time. If θc,E  1 then
the traces of the shock-heated gas will be promptly erased at all
phases of the outburst evolution. If θc,E  1 then traces of the
shock-heated gas shell will persist long after the characteristic gas
velocities become subsonic.
The above consideration provides only qualitative estimates
and completely ignores the saturation of heat fluxes. A more accu-
rate treatment of the conductivity [in the form described by eq. (4)]
can be done in numerical simulations. A fiducial run with different
ξ is shown in Fig. 3. One can see that the change of ξ from 0.01
to 1 produces a significant drop in the characteristic amplitude of
temperature variations in the shock-heated shell. The value of ξsat
is fixed to 1 in all these runs. The presence of conduction breaks the
self-similarity of the instantaneous outburst, by adding one extra
parameters κ, or equivalently θc,E . A sample of runs with different
θc,E are shown in Fig. 4. The smaller is the value of θc,E , the larger
are the deviations from the run without conduction. It is interesting
to note that as θc,E decreases below ∼ 1, the adiabatic sound wave
gradually becomes isothermal. Because isothermal sound speed is
smaller, the wave-like structure in the run with θc,E = 0.7 lags
behind the similar structure in the runs with larger θc,E .
Yet another parameter affecting the solution is the level of
saturated flux, controlled by the value of ξsat in eq. (4). One can
compare the estimated level of the heat flux with the saturated limit
at t ∼ tE . An estimate of the heat flux is Q ∼ ξκspTa/RE , while
the saturation limit is Qsat = ξsat κspTa/4.2λe (Cowie & McKee
1977). Their ratio is
Q
Qsat
∼ ξ
ξsat
4.2λe
RE
∼ ξ
ξsat
0.7 E−1/359 n
−2/3
e,−2T
7/3
a,8 , (8)
which is very sensitive to the ambient temperatureTa . An illustration
of the effect of saturation is given in Fig. 5. For our fiducial run
with ξ = 1, ξsat = 1, E59 = 1, ne,−2=1 and T8 = 0.1, we have
Q/Qsat = 0.003. Therefore, as expected, the saturation has small
effect on the profiles at t = tE . However, for earlier phases of the
outburst, when T  Ta and Rs  R the saturation can limit the
heat flux.
In Table 1, we present the θc,E and Q/Qsat for the Perseus
cluster and M87 with ξ = 1 and ξsat = 1. According to Fig. 4
and 5, strong thermal conductivity close to Spitzer value is able to
erase the shock-heated shell in Perseus cluster and M87, while the
saturation [in the form suggested by (Cowie & McKee 1977)] is
expected to be unimportant. The results presented here agree qual-
itatively with that of Graham et al. (2008), although quantitatively
their conclusion that a very large amount of energy is present in a
shock-heated shell is at tension with our earlier models of a con-
tinuous outburst tailored for the parameters of the Perseus cluster
MNRAS 000, 1–12 (2018)
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Figure 4. Impact of the parameter θc,E on the densityρ/ρa , pressure P/Pa
and temperature T/Ta distribution at t = tE . In these runs we vary E59, T8
and ne,−2, resulting in variations of θc,E . The smaller is the value of θc,E ,
the larger are the deviations from the run, which ignores the conduction.
Once θc,E . 1, the changes in the front become noticeable, the outgoing
wave becomes almost isothermal, has smaller amplitude and sound speed.
Table 1. Basic parameters for Perseus cluster and M87
object E59 ne,−2 T8 θc,E Q/Qsat
Perseus 1.08 10 0.4 6 0.017
M87 0.055 4.5 0.2 6.5 0.016
(see Zhuravleva et al. 2016, TC17). The difference is at least partly
caused by different assumptions of the shock and the bubble radii.
Besides, their conclusion is based on the data analysis rather than
on a numerical model.
4 DISSIPATION OF SOUNDWAVES
Based on Fig. 2, in the absence of thermal conductivity an in-
stantaneous outburst drives a spherical shock into the surrounding
medium. As the shock propagates to larger radii, it becomes weaker
and gradually approaches a sound wave, which carries ∼ 12.5%
of the outburst energy at t  tE assuming γej = γICM = 5/3
(see, e.g. TC17). The dissipation of sound waves due to the thermal
conduction is suggested as a possible mechanism for heating the
ICM in the cool-core clusters (e.g. Fabian et al. 2005, 2017, and
1 2
R/RE
1
2
T
/T
a
,P
/P
a
an
d
ρ
/ρ
a
Figure 5. Effect of saturated heat flux on the T/Ta (red), pressure P/Pa
(black) and density ρ/ρa (blue) profiles at t = tE . The dotted-dashed line
represents the case without thermal conduction. The solid and dotted lines
are for ξsat = 1 and 10, respectively. ξsat = 1 corresponds to the case
considered in Cowie & McKee (1977). For ξsat = 10 the saturated flux
is 10 times higher. Despite the different levels of saturation the resulting
profiles are similar, implying that at t = tE , and hence at t > tE , the effects
of saturation are small.
10−2 10−1 100 101
klξ
101
102
103
L
d
/l
ξ
isothermaladiabatic
Exact solution
Approximate solution
Figure 6. The decay length Ld of sound waves amplitude in units of lξ
as a function of klξ , where k is the wavenumber and lξ = ξλe is the
effective electron mean free path. The energy decay length is half of Ld .
The black solid line represents the exact solution, while the red line shows
approximation given by eq. (18). When klξ . 0.1 the wave is adiabatic,
while at large k it is isothermal. In the isothermal regime, the decay length
is ≈ 46lξ .
references therein). Here we revisit this problem as a part of the
instantaneous outburst model outlined in §2.
At first, we want to show that saturation is unimportant for
estimating the decay rate of a weak shock. For a weak shock with
Mach number M ∼ 1, electrons can smear the temperature gradient
on scales ∆x ∼ ξλe
√
mp/me ∼ 43ξλe. As a result, the ratio of the
MNRAS 000, 1–12 (2018)
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diffusive heat flux to the saturated heat flux becomes
Q
Qsat
∼ ξ
ξsat
4.2λe
43ξλe
∼ 0.1
ξsat
 1. (9)
Hence, the effect of saturation is negligible and the decay rate can
be estimated from the dispersion relation for sound waves in the gas
with non-zero thermal conductivity, which reads
ω3 − γc2s,iωk2 + ik2Σ
[
ω2 − c2s,ik2
]
= 0. (10)
ω and k are the frequency and the wave number, respectively. cs,i =√
kT
µmp
is the isothermal sound speed and
Σ =
ξκspµmp(γ − 1)
ρkB
≈ ξ 1.31(γ − 1)(nt/ne) λe
√
kBT
me
, (11)
where nt/ne ≈ 1.9 is the ratio between the total and electron particle
number densities. This equation has three roots, which correspond
to the forward and backward propagating modes and a stationary
decaying mode. In the limit of small wave numbers k → 0, these
roots are
ω = ±√γcs,ik − iΣ γ − 12γ k
2 (12)
ω = −iΣk2/γ, (13)
where the first two roots correspond to the wave propagating with
the adiabatic sound speed √γcs,i and the last root corresponds to
the stationary mode. In the opposite limit of large k, the roots are
ω = ±cs,ik − i
c2s,i(γ − 1)
2Σ
(14)
ω = −iΣk2. (15)
In this case the propagating modes have the isothermal sound speed
cs,i . For the wave-like structure formed at the late stage of the out-
burst (t  tE ), the forward propagating mode is the most relevant
one for the problem at hand (see Appendix C). The propagating
modes have an exponential decay time τ = −1/Im[ω] and the cor-
responding decay length Ld ≈ τ dω/dk. If we define the effective
mean free path of electrons
lξ = ξλe, (16)
then the decay length becomes
Ld =
√
γcs,i
2γ
Σ(γ − 1) k
−2 ≈ 0.42 lξ
(
klξ
)−2
, k → 0
Ld =
2Σ
cs,i(γ − 1) ≈ 46 lξ, k →∞. (17)
The transition between these limits corresponds to lξ k ∼ 0.1. An
approximation that works in both limits reads as
Ld ≈ 46 lξ
[
1 + 8.54 × 10−4(lξ k)−3
]2/3
, (18)
which is shown in Fig. 6. Note that the length, corresponding to
energy losses of the sound wave is
1
2
Ld , since the energy of the
wave is proportional to the square of the wave amplitude. With this
factor the expression for Ld agrees with the one in Fabian et al.
(2005) in the limit of small k, when only the effects of conduction
are considered. In this limit, the phase and group velocities of the
wave are close to the adiabatic sound speed
√
γcs,i .
As is clear from eq. (18), a formal solution of the dispersion
equation (10) predicts that the decay length is never smaller than
10−1 100
kRE/2pi
100
101
102
103
k
|F
|2
no conduction with conduction
Figure 7. Power spectrum as a function of wave number based on pressure
profile at t = 10tE . The power spectrum |Fˆ |2 is multiplied by k in order to
emphasize the range of wave numbers, which contains most of the energy.
Blue solid line is for the case with conduction and red dotted-dashed line
denotes the case without conduction.
≈ 46 lξ and can be much larger, if the wavenumber is smaller
than ∼ 0.1l−1ξ . In the limit of k & 0.1l−1ξ the wave propagates
with the isothermal sound speed and has a decay length of 46 lξ .
When the wavelength of the perturbation becomes comparable to
the mean free path (of electrons), i.e., k & l−1ξ , the diffusion limit
breaks and the dissipation of sound wave depends on plasma kinetic
(e.g., Ono & Kulsrud 1975). The kinetic effects and ion-electron
coupling have recently been discussed in Zweibel et al. (2018)
with a focus on A2199. In the discussion below, we, for simplicity,
keep the definition of the decay length as given by eq. (17). As we
show below (see Fig. 8), for the relevant range of wavenumbers the
waves propagating from the center are expected to decay before the
isothermal regime become important.
We can now use the arguments presented in §2 to identify the
dominant wave numbers associated with the instantaneous outburst.
We did Fourier analysis of the wave like structure generated by
an instantaneous outburst. The power spectrum based on pressure
profile at t = 10tE is presented in Fig 7. Similar results are also
found with the density and velocity profile. This plot shows that the
dominantwavelength of the outburst-drivenwave is λ ∼ 3RE .When
conduction is taken into account, the high frequency part is erased by
the dissipation induced by thermal conduction, as they have smaller
decay length. The dominant wavelength however doesn’t change
much and is still about ∼ 3RE at least for the parameters relevant
for cluster cores, even if ξ = 1. Thus, the dominant wave number,
which controls the length scale over which the weak shock decays,
is k ∼ 2pi/(ΘRRE ) ∝ E−1/3, where ΘR ∼ 3. In other words, in the
frame of an instantaneous outburst model we do not have a freedom
in choosing the dominant k, but it is defined by the total energy
released during the outburst. The decay length as a function of E is
shown in Fig. 8 for the conditions relevant for the Perseus cluster
and M87.
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Figure 8.Energy decay length (≡ Ld/2) of soundwaves inM87 and Perseus
cluster. The top panel shows the decay length, calculated for the wavenumber
k = 2pi/3RE , where fiducial values of RE = 2.6 and 18 kpc are used for
M87 and the Perseus cluster respectively. The conductivity suppression
factor ξ is set to 1, 0.1, 0.01 (see labels). The decay length (blue lines) is
evaluated for the same value of k at each radius using the local value of the
mean free path (red lines). Bottom panels show the observed deprojected
density and temperature profiles (Forman et al. 2007; Zhuravleva et al. 2013)
and the analytic approximations used to calculate λe .
5 DISCUSSION
Let us now discuss several possible scenarios, in the frame of the
spherically symmetric outburst model characterized by the total
energy release E and the duration of the outburst tb .
The scenario L is a long outburst (tb  tE ) without conduc-
tion. In this case no strong shock is expected and the ICM is gently
displaced by the growing bubble to large radii with no net heating.
The energy of the outburst is split between the internal energy of the
bubble 1/(γb − 1)PaV and the work done to displace the gas PaV ,
where V = 4piR3
b
/3 is the volume of the bubble and γb is the adi-
abatic index of the medium inside the bubble. The natural outcome
of this scenario is the large bubble radius Rb ∼ RE . The limiting
case of this scenario is a quasi-continuous outburst, when the en-
ergy is supplied to the bubble at a constant rate LAGN . In this case,
the interplay between expansion of the bubble and the buoyancy
forces sets the characteristic size of the forming bubble and hence
the energy E released during individual episodes (Churazov et al.
2000). In the simplest form, the expansion velocity of the bubble
can be derived from the relation 4piγbR3bPa/3(γb − 1) ∼ LAGN t
and, therefore, vexp ∼ Rb/t ∝ LAGN /(R2bPa). At the same time,
the buoyancy-induced velocity (or the velocity due to Rayleigh-
Taylor instability) is vb ∼
√
gRb ∼ vk , where g is the gravitational
acceleration and vk is the Keplerian velocity, assuming that the
gravitational potential is approximately isothermal. If we assume
vexp ≈ vb and LAGN = LX , i.e. the energy released by central
AGN matches the gas cooling losses LX , then the characteristic
bubble radius [(see eq.(5) in Churazov et al. 2000)]
Rb ∼
(
4
3pi
γb
γb−1vk
Pa
LX
)− 12 ≈ (19)
20 kpc
(
vk
700 km s−1
)− 12 ( Pa
2×10−10 erg cm−3
)− 12 ( LX
1045 erg s−1
) 1
2
,
which immediately sets the characteristic energy per episode
Eb =
4
3pi
γb
γb−1R
3
b
Pa ≈ (20)
8 × 1059 erg
(
vk
700 km s−1
)− 32 ( Pa
2×10−10 erg cm−3
)− 12 ( LX
1045 erg s−1
) 3
2
,
where the adiabatic index of the ejecta γb is set to 4/3. Thus, the
energy associated with each bubble is ∼ Eb , which is transferred to
the ICMduring the buoyant rise of the bubble across several pressure
scale-height of the cluster atmosphere (Churazov et al. 2001, 2002;
Begelman 2001). Neither mixing nor thermal coupling between the
ICM and ejecta are involved, the ICM only “mechanically” interacts
with the ejecta boundaries.
The scenario Lc is the same as L, except that the thermal
conduction is included. However, if we assume that there is no
heat exchange between the bubble and the ICM, i.e., the relativistic
plasma inside the bubbles is thermally isolated from the ICM, then
conduction is not able to tap energy from the bubble. Furthermore,
the gentle expansion of the bubble doesn’t induce large temperature
variations in the ICM. Therefore, conduction does not make any
principal impact and L and Lc scenarios are equivalent.
Another extreme scenario S is a short outburst (tb  tE )
without conduction. In this case the shock is strong and much of the
energy goes into the shock-heated gas shell with size ∼ RE , while
the radius of the bubble becomes negligible. In addition, a sound
wave carrying ∼ 12.5% of the outburst energy is formed at the late
phases of the outburst evolution (TC17). In the S scenario, there
are large temperature gradients in the shock-heated shell and the
outgoing sound wave also carries an appreciable amount of energy.
Switching on conduction, i.e., scenario Sc, now makes a profound
impact, as the conduction can distribute the energy in the shock-
heated shell and in the sound wave over larger mass of the gas,
leading to net heating of the ICM.
We note in passing that even in the absence of conduction, the
shock-heated gas can be buoyant by itself and resulting convection
can mix this gas with the ICM leading to the net heating. Such sce-
nario is close to what is often implemented in numerical simulations
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(e.g. Reynolds, Balbus, & Schekochihin 2015). Similarly, mixing
may play a leading role if pre-heated gas is injected into the ICM.
Of course, the continuous energy injection scheme leading to
eq. (19) and (20) does not apply here, since each individual out-
burst is very short. However, some constraints on the energy per
episode are possible. As in L, the time-averaged energy release rate
(over many outbursts) should still match the cooling luminosity LX
(by virtue of the assumption of a self-regulated feedback). Also the
S scenario assumes that each outburst occurs in the unperturbed
medium, i.e., the effect of the previous outburst is already gone.
Indeed, if the outburst is happening in the preheated medium, then
the shock-heating could be less efficient than in the unperturbed
medium. Since the expansion of the ejecta quickly becomes sub-
sonic with respect to the preheated plasma, much of the energy will
be stored as the enthalpy of the newly forming bubble. This is plau-
sibly the case, when the outburst is depositing energy in a bubble of
relativistic plasma (see, e.g. Chugai, Churazov, & Sunyaev 2011, for
a discussion of Type Ia supernova outburst inside the bubble). Full
recovery time of the perturbed medium to the initial state can be
estimated as the buoyancy time for the entire shock-heated envelope
with the size ∼ RE . In this case, one recovers eq. (20) as an order
of magnitude estimate, which describes the minimum energy Eb
needed for a single outburst. If Eb is smaller, then the buoyancy is
not able to remove the shock-heated gas during the typical interval
Eb/LX between two successive outbursts. The above estimates are
of course qualitative and involve a number of implicit assumptions.
In reality, more accurate analysis of the successive short outburst
requires more specific prescription of the energy injection during
individual outbursts.
Of course, an actual energy release by a given AGN may not
correspond to any of the limiting scenarios described above. For
instance, in M87 and the Perseus cluster the values of tb/tE are
estimated to be∼ 0.2 and∼ 0.8, respectively (see TC17 and Forman
et al. 2007). For tb/tE . 1, an outgoing sound wave, carrying about
10-12% of the outburst energy, is formed (see Fig. 2), while the
fraction of energy that goes into the shock-heated shell becomes
subdominant once tb/tE & 0.2 (see the same Figure). Therefore,
for both objects we can expect that the dominant fraction of energy
goes into the enthalpy of the bubble and the outgoing soundwave. In
addition, M87 has smaller tb/tE ratio, which implies the role of the
shock-heated envelope is larger than for the Perseus cluster. We also
note that for the Perseus cluster the best fitting models that describe
the size of the bubbles, the radius and Mach number of the shock
suggests that the outburst continues now (see, e.g., Zhuravleva et al.
2016, TC17) and, therefore, tb/tE ratio keeps increasing. Therefore,
the ongoing outburst in the Perseus cluster could eventually evolve
even close to the L scenario of a quasi-continuous outburst.
Finally, we note that the major caveat of the above analysis is
the simplistic treatment of the conduction as the attenuated Spitzer
conductivity. Another important simplification is associated with
the assumed spherical symmetry of the outburst and the lack of
momentum of the injected material. To this end, we note that the
morphology of the FRI sources in the cores of many cool-core
clusters suggests that the momentum of the flow is not extremely
high at several kpc scales.
6 CONCLUSIONS
We have considered the impact of thermal conduction on the struc-
tures formed during spherically symmetric outburst of SMBH in
cool-core clusters. The conduction has the strongest impact on the
shock-heated shell which can form in a short outburst. For such an
outburst, most of the energy is confined to this shell. Even if the
conduction is significanlty suppressed (by a factor of 10-100), it
can attenuate/erase such a shell, since it is very hot, low density
and compact. Therefore, the lack of the shock-heated shell might
not be a good indicator for the short duration of the outburst, while
the size of the central cavity is a more robust proxy for the duration
of the outburst. The short and moderately long outbursts can gen-
erate a sound wave, carrying up to 12.5% of the outburst energy.
The characteristic wavelength of the outburst is set by the total en-
ergy released during the outburst. While the fraction of energy in
such wave is small, thermal conduction will help to dissipate it on
scales smaller than the cooling radius, unless the conductivity is
suppressed by a factor of 100 or larger. For long (quasi-continuous)
outbursts all energy goes to the enthalpy of the ejecta/bubble and
conduction does not play any significant role.
7 ACKNOWLEDGEMENTS
We are grateful to the referee – Chris Reynolds for helpful com-
ments. EC is grateful to Mikhail Medvedev and Alex Schekochihin
for useful discussions. EC acknowledges partial support by grant
No. 14-22-00271 from the Russian Scientific Foundation.
REFERENCES
Balbus S. A., McKee C. F., 1982, ApJ, 252, 529
Barenblatt, G. I. 1996, Scaling, Self-similarity, and Intermediate
Asymptotics, by Grigory Isaakovich Barenblatt, pp. 408. ISBN
0521435226. Cambridge, UK: Cambridge University Press, December
1996., 408
Begelman M. C., 2001, ASPC, 250, 443
Bertschinger E., Meiksin A., 1986, ApJ, 306, L1
Binney J., Tabor G., 1995, MNRAS, 276, 663
Bîrzan L., Rafferty D. A., McNamara B. R., Wise M. W., Nulsen P. E. J.,
2004, ApJ, 607, 800
Bohringer H., Voges W., Fabian A. C., Edge A. C., Neumann D. M., 1993,
MNRAS, 264, L25
Bohringer H., Nulsen P. E. J., Braun R., Fabian A. C., 1995, MNRAS, 274,
L67
Böhringer H., Matsushita K., Churazov E., Ikebe Y., Chen Y., 2002, A&A,
382, 804
Chandran B. D. G., Cowley S. C., 1998, PhRvL, 80, 3077
Chevalier, R. A. 1975, ApJ, 198, 355
Chugai N. N., Churazov E. M., Sunyaev R. A., 2011, MNRAS, 414, 879
Churazov E., Forman W., Jones C., Böhringer H., 2000, A&A, 356, 788
Churazov E., Brüggen M., Kaiser C. R., Böhringer H., Forman W., 2001,
ApJ, 554, 261
Churazov E., Sunyaev R., Forman W., Böhringer H., 2002, MNRAS, 332,
729
Cowie, L. L., & McKee, C. F. 1977, ApJ, 211, 135
Fabian, A. C., Reynolds, C. S., Taylor, G. B., & Dunn, R. J. H. 2005,
MNRAS, 363, 891
Fabian A. C., 2012, ARA&A, 50, 455
Fabian A. C., Walker S. A., Russell H. R., Pinto C., Sanders J. S., Reynolds
C. S., 2017, MNRAS, 464, L1
Forman W., et al., 2007, ApJ, 665, 1057
Forman W., Churazov E., Jones C., Heinz S., Kraft R., Vikhlinin A., 2017,
ApJ, 844, 122
Fujita, Y., & Suzuki, T. K. 2005, ApJ, 630, L1
Graham, J., Fabian, A. C., & Sanders, J. S. 2008, MNRAS, 386, 278
Guo F., Oh S. P., Ruszkowski M., 2008, ApJ, 688, 859-874
Komarov S. V., Churazov E. M., Kunz M. W., Schekochihin A. A., 2016,
MNRAS, 460, 467
MNRAS 000, 1–12 (2018)
Thermal conduction in AGN feedback 9
Komarov S., Schekochihin A., Churazov E., Spitkovsky A., 2017, Journal
of Plasma Physics (accepted), arXiv:1711.11462
Malyshkin L., Kulsrud R., 2001, ApJ, 549, 402
McNamara B. R., et al., 2000, ApJ, 534, L135
McNamara B. R., Nulsen P. E. J., 2012, NJPh, 14, 055023
Narayan R., Medvedev M. V., 2001, ApJ, 562, L129
Ono M., Kulsrud R. M., 1975, PhFl, 18, 1287
Pedlar A., Ghataure H. S., Davies R. D., Harrison B. A., Perley R., Crane
P. C., Unger S. W., 1990, MNRAS, 246, 477
Peres, C. B., Fabian, A. C., Edge, A. C., et al. 1998, MNRAS, 298, 416
Reinicke, P., & Meyer-ter-Vehn, J. 1991, Physics of Fluids A, 3, 1807
Reynolds C. S., Balbus S. A., Schekochihin A. A., 2015, ApJ, 815, 41
Roberg-Clark, G. T., Drake, J. F., Reynolds, C. S., & Swisdak, M. 2016,
ApJ, 830, L9
Roberg-Clark, G. T., Drake, J. F., Reynolds, C. S., & Swisdak, M. 2018,
Physical Review Letters, 120, 035101
Ruszkowski M., Begelman M. C., 2002, ApJ, 581, 223
Ruszkowski M., Brüggen M., Begelman M. C., 2004, ApJ, 611, 158
Shabala S. S., Alexander P., 2009, MNRAS, 392, 1413
Sedov, L. I. 1959, Similarity and Dimensional Methods in Mechanics, New
York: Academic Press, 1959
Silk J., Rees M. J., 1998, A&A, 331, L1
Soker N., 2016, NewAR, 75, 1
Spitzer, L. 1956, Physics of Fully Ionized Gases, New York: Interscience
Publishers, 1956,
Sternberg A., Soker N., 2009, MNRAS, 395, 228
Tang X., Churazov E., 2017, MNRAS, 468, 3516
Taylor, G. I. 1946, Proceedings of the Royal Society of London Series A,
186, 273
Tucker W. H., Rosner R., 1983, ApJ, 267, 547
Vikhlinin A. A., Kravtsov A. V., Markevich M. L., Sunyaev R. A., Churazov
E. M., 2014, PhyU, 57, 317-341
Voigt L. M., Fabian A. C., 2004, MNRAS, 347, 1130
Zakamska N. L., Narayan R., 2003, ApJ, 582, 162
Zhuravleva I., et al., 2013, MNRAS, 435, 3111
Zhuravleva I., et al., 2016, MNRAS, 458, 2902
Zweibel, E. G., Mirnov, V. V., Ruszkowski, M., et al. 2018,
arXiv:1802.04808
MNRAS 000, 1–12 (2018)
10 Xiaping Tang, Eugene Churazov
Table A1. Basic parameters for fiducial run
injected mass Me j 1000 M
outburst energy Ein j 1059 erg
ambient electron density ne 0.01 cm−3
ambient temperature Ta 107 K
APPENDIX A: NUMERICAL METHOD
We solve the hydrodynamic equations in the Lagrangian form
∂r
∂t
= v, (A1)
∂v
∂t
= −4pir2 ∂P
∂M
, (A2)
ρ
∂e
∂t
=
P
ρ
∂ρ
∂t
+ ρ Ûe + ∇ · κ∇T, (A3)
∂
∂M
(
4pir3
3
)
=
1
ρ
(A4)
where r , v, ρ,T , P,M and e are the radius, velocity, density, temper-
ature, pressure, Lagrangian mass and internal energy per unit mass
respectively. κ is thermal conductivity with saturation taken into
account. We apply the same one dimensional hydrodynamical code
as in TC17 (2017) and add a thermal conduction term in the energy
equation to simulate the problem. Mass is explicitly conserved in
the numerical scheme and energy conservation is maintained within
1% for all the simulations.The input parameters for our default run
are given in Table A1.
The following scenarion is simulated. The energy is released
in a few central Lagrangian cells causing the expansion of the cells
boundary. The boundary drives a shock into the ICM, heating and
displacing the gas (ICM). It is assumed that the central cells are
thermally decoupled form the ICM, that is, the heat flux through the
cell boundary is zero. Thermal conduction operates only in the gas
outside the boundary.
APPENDIX B: SELF SIMILAR THERMALWAVE
SOLUTION
For a spherical outburst in uniform medium, the thermal conduc-
tion dominated (TCD) self-similar solution (e.g. Barenblatt 1996) is
available, when the expansion of shock wave driven by pressure dis-
turbance is dynamically unimportant. The solution is characterized
by the expansion of a heat front with almost isothermal interior.
If thermal conductivity κ = κ0ρaTb , where ρ is density, T
is temperature and κ0 is a constant, then the spatial distribution of
temperature is found to be (e.g. Barenblatt 1996)
T(R < Rh, t) = Tc
(
1 − R
2
R2
h
)1/b
, (B1)
where
Tc = τε
2/b
h
[
E2(b + 1)3ρCv
(κ0ρa)3t3
]1/(3b+2)
(B2)
is the temperature at the center and
Rh = εh
[
κ0ρ
atEb
(b + 1)(ρCv)b+1
]1/(3b+2)
(B3)
is the heat front radius.
εh =
[
2piτB
(
3
2
,
b + 1
b
)]−b/(3b+2)
(B4)
0.0 0.5 1.0
R/Rh
0.0
0.5
1.0
T
/T
c
κ = κspξT
2.5
Figure B1. Normalized TCD solution for electronic heat conduction.
and τ = [b/2(b + 1)(3b + 2)]1/b are two dimensionless constants,
where B(3/2, (b + 1)/b) is the beta function. Since pressure dis-
turbance is ignored in the evolution, the density distribution shall
satisfies
ρ(R < Rh, t) = ρa, (B5)
where ρa is the ambient density profile. Based on the equation of
state, the pressure distribution then follows
P(R < Rh, t) = nKBT(R), (B6)
where n is the total number density.
In AGN driven outburst, we are particularly interested in elec-
tronic heat conduction in thermal plasma with κ = κspξT2.5.
κsp = 5×10−7ergs−1cm−1K−3.5 is the coefficient for the unmagne-
tized Spitzer conductivity, where we assume the Coulomb logrithm
is 37, and ξ represents the fraction of the Spitzer value. In uniform
medium with γ = 5/3, it is found that τ = 0.27 and εh = 1.087.
After some calculation, we obtain
Tc = τε
2/2.5
h
[
3.53E2ηnneKB
(κspξ)3(γ − 1)t3
]1/9.5
= 8.3 × 107K ξ−6/19η2/19n
(
1Myr
t
)6/19 ( E
1059erg
)4/19
×
(
ne
0.01cm−3
)2/19
(B7)
and
Rh = εh
[
κspξtE2.5(γ − 1)3.5
3.5(ηnneKB)3.5
]1/9.5
= 19.4 kpc ξ2/19η−7/19n
(
t
1Myr
)2/19 ( E
1059erg
)5/19
×
(
0.01cm−3
ne
)7/19
(B8)
where ηn is the total number density to electron number density
ratio. The temperature profile of TCD solution with electronic heat
conduction is presented in Fig. B1 for illustration, which is char-
acterized by an almost isothermal interior and a sharp temperature
jump behind the heat front.
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APPENDIX C: DISPERSION RELATION
In this appendix, we show that how to decouple an arbitrary per-
turbation into three wave components, which corresponds to the
three roots of ω in the dispersion relation. To make the discus-
sion clear, we specify ω1, ω2 and ω3 for the backward propagating
component, the stationary decaying component and the forward
propagating component respectively. We assume the disturbed fluid
variable X = X0 + δX , where X0 is the unperturbed value and δX
is the perturbed quantity. We constrain our discussion to a static
uniform medium with small perturbations, i.e. X0 is constant and
δX/X0  1.
Let’s start with one dimensional planar flow. Without loss of
generality, we assume the initial perturbation satisfies
δX(t = 0, x) =
∑
k
δXk0e
ikx, (C1)
and the perturbation at arbitrary time t is
δX(t, x) =
∑
k
δXk (t)eikx, (C2)
where k is the wave number. δXk0 is a constant, which indicates the
amplitude of Fourier mode k at t = 0. δXk (t) is a function of time t,
which represents the amplitude of Fourier mode k at arbitrary time
t. By definition, we have δXk (t = 0) = Xk0.
Each Fourier mode can be further decoupled into three wave
components with angular frequency ω1, ω2 and ω3 respectively.
We assume the general solution for δXk (t) is
δρk (t) = δρk0
3∑
i=1
Hkie
−iωi t,
δPk (t) = δρk0
3∑
i=1
ω2i Hkie
−iωi t
k2
,
δuk (t) =
δρk0
ρ0
3∑
i=1
ωiHkie−iωi t
k
, (C3)
where Hk1,Hk2 and Hk3 are constants. If we further define ηi =
ωi/kcs,a , where cs,a is the adiabatic sound speed, then eq (C3) is
simplified to the following form at t = 0,
1 =
3∑
i=1
Hki,
1 =
δρk0c2s,a
δPk0
3∑
i=1
η2i Hki,
1 =
δρk0cs,a
ρ0δuk0
3∑
i=1
ηiHki . (C4)
By solving above 3 equations, we can derive Hk1,Hk2 and Hk3. The
relative weight of the 3 different wave components in perturbed den-
sity, velocity and pressure are characterized by |Hki |, |ηiHki | and
|η2i Hki | respectively. For a forward propagating wave like structure
with initial condition δρk0 ∼ δPk0/c2s,a ∼ ρ0δuk0/cs,a , the result-
ing |H |, |ηH | and |η2H | are plotted in Fig. C1. It is not a surprise
that the perturbation is dominated by the forward propagating wave
component with angular frequency ω3.
In one dimensional spherical outflow, we decouple the per-
turbed quantities into spherical waves. With this assumption, the
initial condition becomes
δX(t = 0, r) =
∑
k
δXk0eikr
r
. (C5)
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Figure C1. Upper panel: |H | as a function of klξ , which shows the relative
weight of 3 modes in perturbed density. Middle panel: |ηH | as a function
of klξ , which indicates the relative weight of 3 modes in perturbed velocity.
Lower panel: |η2H | as a function of klξ , which implies the relative weight
of 3 modes in perturbed pressure.
The perturbation at arbitrary time t is
δX(t, r) =
∑
k
δXk (t)eikr
r
. (C6)
If we assume
δPk (t) ∝ δρk (t) ∝
e−iωt
r
and δuk (t) ∝
e−iω′t
r
, (C7)
then the dispersion relation for one dimensional spherical flow is
the same as that for one dimensional planar flow. The main differ-
ence is that ω′ is no longer a constant and now depends on radius
r . However, when kr  1, the radial dependence becomes negli-
gible and the discussion before about planar flow becomes a good
approximation for the spherical flow. In this paper, we are interested
in the decay of wave like structure in the late time evolution, where
kr  1 is satisfied for typical cluster environment and outburst
energy. As a result, we can simply apply the results obtained for
planar flow through our discussion. We also decouple the wave like
structure generated by our numerical simulation into the three wave
components with technique developed before for the planar flow. It
is found that the wave like structure is indeed dominated by the for-
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ward propagating wave component, which can be used to estimate
the decay length scale of wave like structure.
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